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THE INFORMATION ENCODED IN INITIAL IDEALS

GUNNAR FLOYSTAD AND MARK L. GREEN

ABSTRACT. We consider homogeneous ideals I and the initial ideal in(I) for
the revlex order. First we give a sequence of invariants computed from I
giving better and better “approximations” to the initial ideal and ending in
an equivalent description.

Then we apply this to different settings in algebraic geometry to under-
stand what information is encoded in the generic initial ideal of the ideal of a
projective scheme.

We also consider the higher initial ideals as defined in a paper by Flgystad.
In particular, we show that giving the generic higher initial ideal of a space
curve is equivalent to giving the generic initial ideal of a linked curve.

0. INTRODUCTION

Consider the polynomial ring S = k[xo, ... ,x,| and let I C S be a homogeneous
ideal. If we have given a total order of the monomials in S, we may form the initial
ideal in(I). A very basic fact is that the ideal and the initial ideal have the same
Hilbert function. But the initial ideal is a considerably more refined invariant than
just the Hilbert function.

So one might ask what exactly is the extra information the initial ideal gives us.
In this paper we address this question in the case that the monomial order is the
reverse lexicographic order. We show, Theorem 2.9, that knowing the initial ideal
in(I) is equivalent to knowing the Hilbert functions of a set of modules computed
from S/I by standard operations from commutative algebra, like multiplying by
elements of 9, taking kernels and forming quotients. The point of this is that when
I defines a variety X C P, this enables us to relate the initial ideal to algebraic
geometric properties of X. Thus we show how many properties of X, mainly of a
cohomological nature, may be computed from the initial ideal in(7) for the reverse
lexicographic order.

In section 3 we apply this to the case of a space curve C' C P3. We show, Theorem
3.5, that the generic initial ideal of I is equivalent to i) the Hilbert functions of
certain submodules computed from the Hartshorne-Rao module p,,., H'Z¢(n),
and ii) the numerical character of C. They are equivalent in the sense that these
two sets of data may be computed from each other.

In section 4 we apply this to the case of a zero-dimensional scheme X C P3. We
show that the generic initial ideal of Ix is equivalent to the Hilbert functions of

certain submodules of the module @, ., H'Zx (n).
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In section 5 we consider the intersection of a curve C and a surface F in P3
of sufficiently high degree. Let I = Ic 4+ Ir. We show that all cohomological
dimensions dimy H'Z¢o(n) of the curve may be computed from the generic initial
ideal of I.

Now for a space curve C' C P? there is, beside the generic initial ideal, also the
generic higher initial ideal [5], denoted gin; (I¢). Having achieved an understanding
of the generic initial ideal of I it is natural to try to also get an understanding of
the generic higher initial ideal. In order to do so we have to consider the formation
of initial ideals in a more general setting.

We have homogeneous S-modules U and R where in addition R has a Z"t!-
grading compatible with the natural Z"*'-grading on S. There will be a map

in:U — R

with properties making it natural to call it an initial map. In section 6 we isolate
these properties, abstract the situation and develop some simple theory for this
which generalizes the theory we have for initial ideals.

In the last section we apply the above to the process involved in forming the
generic higher initial ideal of I-. The result we get is in complete analogy to the
result for the generic initial ideal of Ic. Namely, we show that the generic higher
initial ideal of I is equivalent to i) the Hilbert functions of certain quotient modules
of the Hartshorne-Rao module @__, H'Zc(n), and ii) the numerical character of
C.

As a consequence we show that if the curve C is linked to a curve X, then
knowing the generic higher initial ideal of I is equivalent to knowing the generic
initial ideal of Ix.

neZ

Terminology. If we have two sets of data A and B such that B may be computed
from A and A may be computed form B, then we say that A and B are compu-
tationally equivalent. When we give such a statement in a proposition, it will be
clear from the proof or by reference in the proof to earlier propositions how these
computations may be done.

Note. Theorems 3.5, 7.10 and 7.11 concerning space curves have independently
and, we believe, prior to us been shown by R. Liebling in his thesis [I0]. He has
however his own definition of the higher initial ideal rather than the original [5],
which we use. He works specifically in the context of space curves, where he probes
deeper than we do.

1. PRELIMINIARIES
1.1. Let S = k[zo,... ,z,] be the polynomial ring with char k = 0. We denote by
Sq the direct summand in S of degree d. If K = (ko,... ,k,) we use the notation

K ko

_ kr
x 7‘%0 e

T

for monomials. Its degree is | K| = Z;ZO k;.

1.2. The initial ideal. Suppose we have a total order on the monomials. For
f=>axz® a homogeneous polynomial, let the initial monomial be

in(f) = max{z® |ax #0}.
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If I C S is a homogeneous ideal, the initial ideal is the ideal generated by all the
initial monomials of homogeneous polynomials in I:

in(I) = ({in(f) [ f € I}).

1.3. The Hilbert function. For a homogeneous module M over S let Hilb(M) :
Z — Ng be its Hilbert function, i.e. Hilb(M)(n) = dimy M,,. It is a well known
fact that the ideal I and its initial ideal in(1) have the same Hilbert function.

1.4. The function p. Define the function
(1.1) p:No" — No U {co}
by
p(kos .-, kr—1) = min{k, |z - ~xﬁr_‘11x’,f" € in(I)}.
We see that in(7) is determined by the function p. So this is a way to represent the
initial ideal.

1.5. Generic initial ideal and Borel fixedness. If ¢ € GL(S;) is a change of
coordinates, then we get g.I C S and its initial ideal in(g.I). There is an open
subset U C GL(S7) such that in(g.I) is the same for all g € U, see [] 15.9. This
initial ideal is called the generic initial ideal of I. Tt is denoted as gin([I).

A basic fact (see [4], Theorem 15.20, or originally [7]) is that gin([) is Borel-fized.
That is, if x® is a monomial in gin(/) and z; divides x¥, then x;x% /z; € gin(I)
for all 0 < i < j. This means that for K € No" and e¢; = (0,...,1,...,0) is the
i’th coordinate vector, then

1. p(K +e) <p(K+ej)for0<i<j<r-—1,
2. p(K +er—1) < p(K) — Lif p(K) > 0.

1.6. Revlex order. The monomial order we consider in this paper will be the
reverse lexicographic order. Then

o5 > 2t
if |[K| > |J| or if k. < j,, where r is maximal such that k, # j.. Intuitively 27 is
dragged down by having a “large weight in the rear”.

1.7. Identities for revlex order. In the case of the revlex order there is a com-
mutative diagram ([4], Proposition 15.12 a)

S _ i, S

l l

S/ (@) —"— /().
We denote by I}, —o the image of the composition
I— S — S/(x).
Then we see that this gives the identity

(1.2) in(1z,—o) = in(I)|z,—o-
Also we have the identity
(1.3) in(f :z,) =in(l) : z,

by [4], Proposition 15.12 b.
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1.8. Saturation. The saturation I of I is by definition
U@ (o, z)h).
k>0

If h is a general linear form, this is by [8], Proposition 2.19, equal to (I : h*) for
k> 0. In particular, if I is in general coordinates, then the saturation is (I : zF)
for k> 0.

1.9. If F is a sheaf on the projective space P" over k, we use the notation H!F =
@D,.cz H' F(n). It is a graded module over S = klzo,...,z,]. We also use the
notation h'F(n) = dimy H'F(n). Note that if I C S defines a scheme X, and if Z
is the ideal sheaf associated to I then

HOT = Ix = I°%,

the saturated homogeneous ideal associated to X.

2. INITIAL IDEALS

In this section we consider a homogeneous ideal I C S. We may form its initial
ideal in(7). Here we will give some results telling us what kind of information the
initial ideal contains.

As we said in 1.2, the ideal I and the initial ideal in() have the same Hilbert
function. But the initial ideal is a more refined discrete invariant than the Hilbert
function. So what extra information is contained in the initial ideal? We shall
give an answer to this in terms of a sequence of data. Each piece of data will be
more refined than the previous, and in the end we will have a set of data which is
equivalent to the initial ideal.

2.1.  We have ideals (I : 2J) for j > 0. Since S is Noetherian, the ascending chain
of ideals

IC---C(I:xihyC(:al)C---
stabilizes in an ideal which we denote (I : £2°). For j > 0 or j = oo let
Fi(I)=(I:2%)/1.
Note that F7(I) is the kernel of the map

(2.1) S/T 25 (S/1)(35).
Furthermore, for j > 0 or j = oo let
F=im((I:2)) — S — S/(x,)).

This is of course not the j’th power of the ideal. No confusion should result from
this in this paper.

Lemma 2.2. The I’ and F7(I) are related as follows.
a. There is an ezact sequence

(2.2) 0 — FI~Y(I) — FI(I) — FI(I)/Fi~*(I) — 0.
b. There is an exact sequence
(2.3) 0 — FITYD)/FI(I)(-1) 2> FI(I)/F7~1(D)
— FI(D)/(F~Y (1) 4 2, - FITY(I)) — 0.
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c. There is an isomorphism

(2.4) P/ = i) /(FI7YT) + o, - FITY(I)).

Proof. a. The sequence (2.2) is clear.

b. That the sequence (23] is right exact is also clear. Suppose then that v €
FIi+I(I) C S/I is such that x, -© € F/=Y(I). Then 2J -7 = 0 in S/I by the
description of F7=1(I) in 21)). Hence v € F7(I). Thus the first map in (23] is
injective.

c. There is clearly a surjection

FI(I) = (I :af) /I = (I :a])/((2r) + D).

If a non-zero w € Fj (1) is such that p(u) = 0, we may assume that u = z,. - v in S.
Then zitl v =) -ue I, sov e (I:zitt). Hence ker(p) = x, - F/+1(I) and

FI(IL) /(- FPTHI)) = (12 20)/((2r) + 1.
This gives
FID)/(FI7HI) + - FEHD) = (1 ad) /() + (T 2l7h)) = 1 /P71
O
We now have, almost immediately,
Algorithm 2.3. The Hilbert functions of the modules in the filtration
0=F%I)C FY(I)C---C F>(I)

are computationally equivalent to the Hilbert functions of the modules I7/I7=1. In
fact, let

be the Hilbert functions of
FII), FI(D)/F7HD), PP

respectively. Then they are related by
a.

Proof. a. This is clear by Lemma
b. This follows from a. O

Corollary 2.4. The Hilbert function of I may be computed from the Hilbert func-
tions of the I for j > 0.
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Proof. By the exact sequence

0 — FY(I) — S/T 25 (S/1)(1) — (k[zo, ... ,xr1]/I°)(1) — 0
we see that Hilb(I) may be computed from Hilb(F'(I)) and Hilb(I°). But
Hilb(F(I)) may be computed from Hilb(I’/I7~') for j > 1 according to Algo-
rithm 23] O
Remark 2.5. The converse is not true in general. Thus the Hilbert functions of the

I7 for j > 0 constitutes a more refined invariant of I than the Hilbert function of
1.

Lemma 2.6. Let I be a monomial ideal. Then I is computationally equivalent to
I7 for all § > 0. In fact,

io | gbr-1 J G0 | ptre1 .
T z, o €l &g x, xl el

Proof. This is obvious. O

Lemma 2.7. Let I C S be a homogeneous ideal. Then
in(I7) = in(I).

Proof. By 1.7 there is a commutative diagram

S m S

l l

S/(xr) —— §/(x2).
Apply this to (1 : #1) C S and use (3] that in(1 : 2) = in(I) : z7. O

T

We now get the following.

Proposition 2.8. Consider the following data:
i in(l), ii. in(I7) for j > 0.
iii. Hilb(I?) for j >0, dv. Hilb(I).
a. Data i. and . are computationally equivalent. Data 4. may be computed
from data ii. and data iv. may be computed from data iii.
b. If I is saturated and in general coordinates, then i. and ii. are computationally
equivalent to in(I1°).

Proof. a. That data i. and 4. are computationally equivalent follows from Lemma
and Lemma 271 That data ii. may be computed from data 4. follows from
1.3, and that data iv. may be computed from data 7. follows from Corollary B4

b. If I is saturated and in general coordinates, then (I : z7) = I according to
1.8. Thus I/ = I° for all j > 0. (|

Remark 2.9. By the above Proposition 2.8 a. and Remark we see that the
Hilb(17) for j > 0 can be considered a better approximation to in(I) than Hilb(I).

Proposition says that we can compute the Hilb(I7) for j > 0 from in([).
The following proposition gives us an explicit way of doing this by enabling us to
compute Hilb(1°°) and Hilb(I? /I7~1) for j > 1.
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Proposition 2.10. Let p be the function from 1.4 associated to in(l).
a. Let K € No". Then :c~K € m(I*) < p(K) < co.
b. The Hilbert function f7 of I’ /17~ is given by

f/(n) = #{K € No"||K| = n, p(K) = j}.

Proof. a. Since in(I°) = (in(I) : 25°)/(x,), we see that for K € Ng" then
X ein(I®) < .20 cin(I) for j >0
< p(K) < oc.
b. From Lemma [2.6] we see that
=K e in(I)? /in(1)’ ! & p(K) = j.
Since I7/I7~1 and in(I)’ /in(1)’~! have the same Hilbert functions by Lemma 27
it follows that
F(n) = #{K € No" | |K| = n, p(K) = j}.
O
Successive approximations. The view we now pursue is the one given in Remark

229, namely that the Hilb(I7) for j > 0 are a better approximation to in(I) than
Hilb(I) is. We now define inductively

Fjl""’j’"’j(f) — Fj(Ijlu'--ajm,).
Alternatively we have
Fjl:~~~7jm7j([) — (Ij1,~~~,jm . x‘z‘_m)/I‘jlvuw‘jwt.
Correspondingly we have
Proesdmd = gm(([Pedm gl Y s [z, Ty
—  k[zo,... s Zr_m]/(@r_m)).

Proposition 2.11. Supposeb > a. Then the Hilb(I3) for j € No® may be computed
from the Hilb(I*) for k € Ng°.

Proof. This follows by repeated use of Corollary 2.4 O

Theorem 2.12. Given a > 0. Consider the following data.
i. in(I), 4. in(P) forj € No®, iii. Hilb(I}) for j € No®
a. Data i. and . are computationally equivalent. Data 3. may be computed
from data ii.
b. If a = r then data iii. is computationally equivalent to data ii.

c. Ifa=r—1 and I is in general coordinates so that in(I) is Borel fized, then
data 3. is computationally equivalent to data ii.

Proof. a. That data i. and data 7. are computationally equivalent follows by
repeated use of Proposition 2.8 a. That data 7. can be computed from data ii.
follows from 1.3.

b. If a = 7 then I3 C k[zo], but then in([) is clearly computationally equivalent
to Hilb(I9).
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c. Ifa =7r—1then I C k[zg,z;]. If in(I) is Borel fixed, so is in(/)J = in(19). But
a Borel fixed ideal in(I3) C k[xg, 1] is determined by its Hilbert function Hilb(I9),
so c. follows. O

Remark 2.13. By Proposition2ITland the above Theorem we see that Hilb(I9)
for j € Ng® constitute a finer and finer set of invariants of I as a increases, and
when a = r we get a set of invariants which is computationally equivalent to in([).
We therefore get successively better approximations to in(I), which in the end gives
an equivalent description of in(I).

3. APPLICATIONS TO SPACE CURVES I

3.1. Consider a space curve C C P3. Let Io C S = klxo, x1, T2, 23] be its homo-
geneous ideal. We would like to understand what information is contained in the
generic initial ideal gin(I¢). If we assume I to be given in general coordinates,
then this is just the initial ideal in(I¢).

Proposition 3.2. Let J = Ic°.
a. The initial ideals in(Ic) and in(J) are computationally equivalent.
b. in(J) is computationally equivalent to:

i. The Hilbert function of J*°.
ii. The Hilbert functions of the modules in the filtration

0=F%J)C FY(J)C--- C F>(J).

Proof. a. Since I¢ is saturated and in general coordinates, this is Proposition
b.

b. Since J C k[zg,x1,x2], by Theorem [ZTIZ c. in(J) is computationally equiva-
lent to Hilb(J7) for all j > 0. This is again computationally equivalent to Hilb(.J>)
and Hilb(J7/J7~1) for j > 1, and the latter is by Algorithm 2.3 computationally
equivalent to Hilb(F7(.J)) for all j > 0. O

Remark 3.3. Proposition 210 and Algorithm 23 show how in(J) and data b.i. and
b.ii. in the above Proposition[322 may be computed from each other.

We would like to find more algebraic geometric descriptions of the data in b.i.
and b.ii of the above Proposition[3:2. First we recall two basic invariants from space
curves.

The numerical character. Let T' = C N {x3 = 0}, which is a general plane section
of the curve C. The saturated homogeneous ideal Ir is J5* = (J : z3°) by 1.8.

Lemma 3.4. a. The data i. in(Ir), ii. in(Ir°), and iii. Hilb(Ir°) are all compu-
tationally equivalent.
b, Ir? = J=.

Proof. a. Since Ir is saturated, Proposition 2.8 b. gives that in(Ir) is computa-
tionally equivalent to in(Ir?), which again by Theorem 212 c. is computationally
equivalent to Hilb(Ir?).

b. follows if we consider the image of It = (J : 25°) by the map

k[$0;$1;$2] — k[$07$17$2]/($2)-
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Remark 3.5. If It0 = (xf, nglxi‘h"l, e ,:ci‘o), then the numerical character of C
is the sequence of data (ng,... ,np—1), where n; = \; +jfor j=0,... ,h—1 (see
8], p.55/56, or [9]). Thus we see that Hilb(J>°) is computationally equivalent to
the numerical character of the curve C.

The Hartshorne-Rao module. This is the module

H!Io =@ H'Zc(n).
nez

When C' is a (scheme-theoretic) reduced union of integral curves, this is a finite
length graded module over S. It plays a fundamental role in the study of space
curves.

Lemma 3.6.

F>(J) =ker(H ! To(-1) 2% HM o).

Proof. There is a short exact sequence of ideal sheaves
0 — Zo(—1) 2 Io — Iy — 0.
Taking the long exact cohomology sequence of this short exact sequence, we get
0 —Io(-1) 2 Ic % Ir
(3.1) —HZo(-1) = HY o — HlIp.
We see that J = a(I¢), and so

F>(J)=J)J = Ir/a(Ir) = ker(H}Zo(—1) =5 H!Zo).

We now have the following.

Theorem 3.7. Let C C P? be a space curve. Let h and h' be general linear forms.
Let

F>(1) = ker(H'Ze ™ HITc(1))

and let F7 = ker(F*> iy F°(4)). Then in(Ic) is computationally equivalent to:
i. The numerical character of C.
ii. The Hilbert functions of the modules in the filtration

0=F'CFlC...C F>~.

Proof. Since I is in general coordinates, x5 and x3 can be considered as general
linear forms A’ and h. The theorem then follows by Proposition 3.2, Remark B.5]
and Lemma B8, since F7(J) = ker (F=(J) -2 F>(J)(1)). O

Example 3.8. The following example was brought to our attention by Chris von
Bothmer. Consider a smooth rational quintic curve C. What may the initial ideal
look like?
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General curve. Taking a general example and computing on Macaulay, one finds
the initial ideal to be the following (we represent it in Figure 1 by means of the
numbers p(ko, k1) associated to the initial ideal of J = I°):

Fig. 1 (0,0) (0,0
. O
O O
® O O
©® © © © X X X X
(n,0) (0,n) (n,0) (0,n)

Numerical character. Since J* = Ir° we see by Proposition ZI0] that in(I-°) can
be represented by the diagram in Figure 2. Here we have X in position (kg, k1) if
zfozk € in(Ir°) and O in position (ko, k1) if 62 & in(Ir°). So we see that the
invariants are (Ao, A1) = (3,2) and the numerical character is (ng,n1) = (3, 3).

Fig. 2 0.0)

O
OO

x OO
X X X X
(n,0) (0,m)

Other cases. Now there are three other candidates for the initial ideal of a ratio-
nal quintic curve when you take into consideration that the curve has connected
numerical character (see [8], Corollary 4.8) and that the generic initial ideal is

Borel-fixed:

Case 1) may be excluded as in(I) by observing that in this case C' must lie on
a quadric and a cubic surface. Linking C' with these will give a line, so C' must be
projectively Cohen-Macaulay and have H!Zo = 0. By sequence (B:I]) this means
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that J = J%¢ so J7 = JY for all j > 0. Then in(J7)/in(J7~1) = 0 for all j > 1.
This means by Proposition [Z10 that for no (ko, k1) do we have p(ko, k1) = j when
1 <j < oo. Thus 1) cannot be the diagram of C.

Case 2) would have to be a rational curve on a quadric surface. Since a curve
of type (4,1) on a smooth quadric surface is such a curve, its initial ideal must be
that of 2) since 1) is excluded.

Case 3) poses more problems. It has exactly the same Hilbert function as in the
first computed example. However, suppose the diagram represented in(J). One
sees by Proposition [Z-I0 that the Hilbert function f7 = 0 for j # 1. For j =1 one
finds that f1(2) = 1, f1(3) = 1 and f'(n) = 0 otherwise. By Algorithm 2.3 we
deduce the following tables:

n |

7 (n):

[ BNl Nan]
O O
O =N
S | W
S O
S O Lt
o OO
O O
O N
O H | W
S O
S O Lt

. 1 1
J .
J J
We now get the following table for the Hilbert functions of the filtration of F*°,
and to the right we have the corresponding table for the filtration of F°°(1):

n |

o OO
o O
— = DN
— =W
S O
O Of ot
o OO
el R
— = DN
o OoO|lw
S O
O Of ot

. 1 1
Py )
J J

From the Hilbert function of I+ one may compute h'Zr(n). Doing so, one finds
that h'Zr(n) = 0 for n > 2.

We now wish to find h'Zo(n). For this we repeatedly use Lemma and se-
quence (B:I). But first note that since the curve is smooth we have h'Zg(n) = 0
for n <0.

We claim that h'Z¢(n) = 0 for n > 3. This is because h'Zo(n — 1) = h'Zc(n)
for n > 4, since f>°(n) =0 for n > 4 and h'Zr(n) = 0 for n > 4.

Second we claim that h'Zo(2) = 1 and h'Zc(1) = 2. The former is because
f°°(3) =1 and h'Zc(3) = 0. The latter is because f*(2) = 1, h!'Z¢(2) = 1, and
h'Ir(2) = 0.

Now F5° C H'Zs(1) is the subspace killed by a general linear form h. The
subspace F} of Fg° is the subspace killed by another general linear form h’. Since
F} = F$°, this subspace is killed by all linear forms in S. The Hartshorne-Rao
module therefore decomposes as

HIo=FroR,

where F5° = k[—1] and R’ is a suitable complementary submodule. But computing
a minimal curve in the even liaison class from such a Hartshorne-Rao module by
the procedure of [I1], we see that a minimal curve D will have H'Zp(n) = 0 for
n < 1. Thus 3) cannot be the initial ideal of a rational quintic curve.
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Remark 3.9. Case 3) may be generalized to the fact that if there is an n such that
fi(n—i)=0forj >i>0,then F! = F> is a subspace of H!Zc(n—1) annihilated
by all linear forms.

4. APPLICATION TO ZERO-DIMENSIONAL SCHEMES

4.1. In this section we consider a zero-dimensional subscheme X C P3 and let
Ix C S = k[xg,x1, 22, 23] be its homogeneous ideal. Again we assume that X is
in general coordinates, so in(Ix) = gin(Ix), and we will seek to understand what
information this generic initial ideal contains.

Proposition 4.2. Let J = Ix°.

a. The initial ideals in(Ix) and in(J) are computationally equivalent.

b. in(J) is computationally equivalent to the Hilbert functions of the modules in
the filtration

0=F%J)C FY(J)C--- C F>(J).

Proof. This is quite analogous to the proof of Propostion when we note the
following. Since X N{z3 = 0} = 0 we get (J : 25°) = J** = k[xo, z1,22]. Hence
we get J® = k[xg, 21]. O

Remark 4.3. The procedures by which in(J) and Hilb(F7(I)) may be calculated
from each other are given by Proposition Z.T0l and Algorithm 23]

Again we seek to find a more algebraic geometric description of the modules
FI(I). This is part a. in the lemma below. Part b. of the lemma below will be
used in Section 5.

Lemma 4.4. Let J =1I%.
a.

F>®(J) = ker (H}Zx(—1) 22 HTy).

h'Zx(n) = Z dimy, (k[zo, 1, 2]/ J)a-
d>n

Proof. There is a short exact sequence of sheaves
0 — ZIx(-1) BTy — Op2 — 0
giving the long exact sequence
0 — Ix(—1) 2 Ix % klxo, 21, 2]

(4.1) — HIx (1) 2 H Ty — H!Op-.
We have a(Ix) = J and (J : 3°) = k[xo, 21, 22|, so

F>(J) = k[xo, 21, 22]/J = ker(H  Tx (—1) =5 H!Tx).
Since H!Op2 = 0, we get an exact sequence

0 — (k[xo,x1,22)/J)a — H'Zx(d—1) — H'Zx(d) — 0.
This gives b., since H'Zx (d) = 0 for d > 0.
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We now get the following.

Theorem 4.5. Let X C P3 be a zero-dimensional subscheme. Let h and h' be
general linear forms. Let

F¥(1) = ker(H Tx -2 HTx (1))

and let

FI = ker(F "5 p()).

Then in(Ix) is computationally equivalent to the Hilbert functions of the modules
in the filtration

0=F'CFlC...C F>~.

Proof. Since Tx is in general coordinates, we can consider xo and x3 as general
linear forms k' and h. The theorem then follows by Proposition [£.2] and Lemma

B4 a. O

5. APPLICATIONS TO A CURVE INTERSECTED WITH A SURFACE

5.1.  Consider again a space curve C' C P? with a homogeneous ideal Ic C S =
k[zo, 21,79, 73]. Let F C P? be a surface defined by a homogeneous form f of
degree m. We let I = I + (f) and will seek to understand what information
its generic initial ideal contains. We assume that everything is given in general
coordinates so this is just its initial ideal.

Reminder 5.2. From Section 2 we have the following.

1. The first approximation to in(I) is Hilb(I7) for j > 0. This is by Remark[2.9.
2. Hilb(I7) for j > 0 is computationally equivalent to:

i. The Hilbert function of I°°.

ii. The Hilbert functions of the modules in the filtration

0=F%I)C--- CF>(I).

This is by Algorithm [Z3
3. The procedure to compute the Hilbert functions in 2.i and 2.1t from in(I) is
given by Proposition 210 and Algorithm [Z.3

We now wish to find a more algebraic geometric description of the modules in
2.1. and 2.ii.

The filtration and their Hilbert functions.
Lemma 5.3.
F(I) = ker (H e (—m) -5 H'Ze).

Proof. Let J be the image of the composition I — S — S/(f). From the exact
sequences

0—S(-m)— I— J—0,

00— S(_m) 5 st Jsat —0

we see that [5% /T = Js*t/].
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There is also a short exact sequence of sheaves on P3:

0 — Zo(—m) L To— Ienr/r — 0,
from which we deduce the long exact sequence

0 —Ic(—m) L L Icnrp/r
(5.1) —H!Zo(-m) <L HlTo — H'Toomr

—HTo(—m) -4 BT
Here Ionp/p = J** and a(Ic) = J, so we get
F(I) = J* ] = ker (H T (—m) L HMZe).
O

Corollary 5.4. Suppose C is a connected and reduced curve and m > (regularity
Ic) — 2. Then F°(I)(m) = H!Zc, the Hartshorne-Rao module of C.

Proof. Since C is connected and reduced, we have H'Zx(n) = 0 for n < 0. Fur-
thermore H'Z¢(n) = 0 for n > (regularity Ic) — 1. Then if H'Zc(n) # 0 we must
have 1 < n < (regularity Ic) — 2. But then if m = deg f > (regularity I) — 2 the

multiplication H!Z¢(—m) ~L, HT, is zero. Thus we conclude by LemmaB2 O
We now have the following.

Theorem 5.5. Suppose C is a connected and reduced curve and m > (regularity
Ic) — 2. Let h be a general linear form and let

Fi(m) = ker(H T 5 HTo(5).
Then the Hilbert function of the modules in the filtration
0=F'CF'C...CF>
may be computed from in(I).

Proof. Corollary B.4] gives that F>°(I)(m) = H!Zc. Since I is in general coordi-
nates,

FI(I)(m) = ker (H ¢ =, H.Zc(5))

and F7(m) have the same Hilbert functions. By 1. and 2. in 5.2 it follows that the
Hilb(F7(m)) can be computed from in(7). O

The Hilbert function of I°°. We now investigate what information we may get from
Hilb(I%°), which is the data of 2.ii in 5.2

Theorem 5.6. Suppose n > (regularity Ic) —m — 1. Then

(5.2) W’Io(n) = Y dimg(k[zo, z1,72] /1)
d>n+m

(5.3) = #{af = ghoagkr gk | dega® > n 4+ m, 2 & in(1°°)}.
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Proof. Let X = CNF. Then Ix = I* = (I : 25°) and so Ix% = I*°. From
Lemmal[ZA b. it follows that

(5.4) h'Ix(n) =Y dimy(klzo, z1, 22]/1°)q.
d>n

Now there is an exact sequence
0 — Ops(—m) — Ix — Zear/r — 0.
Taking the long exact cohomology sequence, we get
H!Tx = HIcnr/r-

On the other side it follows by sequence (B.1) that if n > (regularity Ic) —m — 1,
then H'Zcnp/p(n +m) = H*Zc(n). Together with (5.4) we then get (5.2). The
equality (B.3)) then follows from (5.2)), since Hilb(I°°) = Hilb(in(I°°)). O

Remark 5.7. The interesting consequence of Theorems and B.6 is that we can
compute all the cohomological dimensions hiZ¢(n) for i > 0 and n € Z from in(I).
From the exact sequence

0 — Z¢(n) — Ops(n) — O¢(n) — 0
the Hilbert polynomial satisfies
xZo(n) = xOps(n) —xOc(n),
which becomes (letting d and g be the degree and genus of C)

n—+3

hZc(n) — R Zo(n) + h*Zo(n) — h3Zo(n) = ( 3

> —(dn+1—g).
Here h3Zc(n) = h3Ops(n). Then, since h'Zc(n) and h*Zo(n) may be computed
from in(7), we may also compute h°Z¢c(n).

Example 5.8. a. Let C be a smooth rational curve of degree 7 with a 6-secant
line, and denote by I C klx,y, 2z, w] its saturated homogeneous ideal. We assume
it to be in general coordinates. We compute on Macaulay that

in(IC) = (J'Aa I3y7 $2y27 $y37 947 .fBZ, x2yz7 xyzz?))'

The degree of the highest degree generator is here 6, so reg(Ic) = 6. Let f be
a general form of degree 8 and let I = Io + (f). Computing in(I), we find the
following generators in addition to those listed above:

le’ ZlOw7 29w4’

229, 22802, y2? y2Sw?,
2227 2y, W28, 4227w,
y325.

In order to compute the Hilbert functions of the filtration of F>°(I) = HZc(—m)
we compute the in(/7) = (in(I) : w’)|,—o- We may note that in(17) = in(I*°) for
j>a
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For j = 0 and 1 we get (displaying the function p of the ideal in(I7))

_ The Hilbert function of in(Il)/in(IO) is f1(n). We see from the diagrams that
fY(n) = 0 for n # 10 and f(10) = 1. For j = 2,3 and 4 we get the diagrams for
in(17):

This gives the following table to the left below for the f7(n), which are the
Hilbert functions of in(17)/in(1?~"). By the formula in Algorithm [Z3 we also get

the table for the f (n) below to the right.

18 9101112137 18 9101112137
. 11001000 i 11003110
T - .

Po: 502000 0 P 9lg 9110 0
30010000 31011000
401000 0 4101000 0
J J

Again by the formula in Algorithm we get the table for f7/(n) below to the
left. Since H!Zc = F°°(I)(m) with m = 8, the Hilbert functions of the filtration
of the Hartshorne-Rao module in Theorem is given by the table below to the
right.

|8 910111213 n [0123 45 n
Fi(n) 110 03110 110 0 3110
21024210 21024210
31035210 31035210
410 4 5210 410 4 5210
J J
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In particular, the last row gives the Hilbert function of the Rao module.
b. The diagram for j = 4 gives the diagram of in(/*°) From this we may, by
Theorem 5.6, compute h2Zc(n) for n > regularity Ic —m — 1 = —3. We find that

consistent with the fact that C' is a rational curve.

6. INITIAL MODULES

The success of investigating the generic initial ideals of curves in P? suggests
that one might also try to understand what information is encoded in the generic
higher initial ideal of a curve in P? (as defined in [5]). In order to do so it will
however be necessary to extend most of the theory of Sections 1 and 2 to the case
of submodules of a module which does not have a Z"T'-grading. The cleanest
approach for what we are going to do here seems to be to axiomatize the concept
of an initial module.

6.1. Consider the graded homogeneous ring S = k[z, ... ,z,] and a homogeneous
finitely generated module U over S. Now S also has a natural Z"t'-grading by
letting a monomial

o = mgo = m’,f
have degree K = (ko, ..., k). Let R be a finitely generated module over S homo-
geneous for this grading. We denote by Ry the homogeneous part of R of degree
K.

Order on Z"t!. Suppose we have also given a total order on Z"! satisfying the
usual properties of a monomial order, namely, if I, J, and K arein Z"*! and I > J,
then I + K > J + K. If z and y in Z have degrees I and J, then write x > y if
I > J, and write x ~ y if [ = J.
Definition 6.2. a. An initial map
in:U —R

is a map (in general not a homomorphism) satisfying the following properties:

i. The map is Z-degree preserving.

ii. If u € U, 2¥ is a monomial, and « a scalar, then in(az®u) = az¥in(u).

iii. If in(w) > in(v), then in(u + v) = in(u).

iv. Suppose in(u) ~ in(v). If in(u) + in(v) # 0, then in(u 4+ v) = in(u) + in(v).

Otherwise in(u + v) < in(u).

v. If in(u) = 0, then u = 0.

The reader may be puzzled by ii., since it is not true the way we defined the
initial map for homogeneous ideals in S. However, since we cannot assume there

to be a canonical element in Rg, we must have this alternative definition.
b. For a submodule M C U, define

in(M) = ({in(m) |m € M}),

which is a Z"t!-submodule of R.
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Example 6.3. Let F' = @ Se; be a free S-module. If we give each e; a Z™1-
grading, then F' becomes a Z"t!-graded module over S. Then clearly there is an
initial map in : F — F. Suppose we have given submodules B C A C F. Let
U= A/B and let R =in(A)/in(B). If @ is non-zero in U, then it is not difficult to
verify that there is a lifting a € A of @ such that in(a) is not in in(B). Two such
liftings give the same class in R. Thus we may define in(@) = in(a). That Definition
i. - v. hold are straightforward to check.

We now give some results for an initial map in : U — R and a submodule
M C U which are analogs of results in Sections 1 and 2 concerning the initial map
in:S— S andanideal I C S.

The following is the analog of 1.3.

Proposition 6.4. Let M be a submodule of U. Then M and in(M) have the same
Hilbert function.

Proof. Given a degree n € Z, let
(6.1) Ki>--->K,
be the indices of degree n such that in(M)g, # 0. We may define a filtration
0CF,CF,.1C---CF =M,
by
F, ={m e M, |in(m) < K;}.

Clearly each F; is a linear subspace of M, by ii. - iv. Now dimy F;/F;11 =
dimy, in(M) g, follows easily by [G.21. - v. O

6.5. From now on we assume that the following holds:
1. The order on Z™t! is the reverse lexicographic order.
2. There is a Z"-graded module R, over k[zg, ... ,2z,_1] such that

R=R ® k[l‘,«]
3. The initial map in : U — R is surjective.

Lemma 6.6. Let u € U be such that in(u) = x, -z for some z € R. Thenu = z,-v
for somev € U.

Proof. Lift z € R to a u; € U. Then in(z, - u1) = in(u), so
in(u — x,ruy) < in(u) = z,2.
By the properties of the revlex order and 2. in 6.5 this gives
in(u — z,u1) = @22
for a zo. There is a us in U such that in(ug) = z2. Then
in(u — x,up — Trug) < Tp2a.

In this way we may continue. Since each Z-graded piece of R is finite dimensional
we must eventually have in(u — x, > u;) = 0. Thus[G.2]v. gives u =z, > u;. O

The following is the analog of (I3)) in 1.7.
Corollary 6.7. Let M C U be a submodule. Then in(M : z,) = in(M) : x,.
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Proof. Taking Lemma into consideration, the proof of this is quite analogous
to the proof that in(f : ) = in([) : z, for an ideal I C S when we have the revlex
order. 0O

Notation. For M C U let

My —o = im (M — U — U/ (,)).
Correspondingly, for T' C R let

Ty = im (T — R — R/(,).

The following is the analog of (L2]) of 1.7.
Corollary 6.8. a. The composition
U R R/(e) = Ry

factors through U/x, U giving a commutative diagram

U ™. p

l l

U/x,U —2 R
b. The lower horizontal map is an initial map, i.e. it fulfills i. - v. of Definition

6.2
c. For a submodule M C U we have

in(M\:cr=0) = Y;n(M)‘xr:O'

Proof. a. Let u,v € U be such that w = v in U/x,U. We wish to show that
poin(u) = poin(v). We may write u = v+ z, - w foraw € U.
al. If in(v) > x,in(w), then in(u) = in(v), according to iii.
a2. If in(v) < zpin(w) or in(v) ~ zyin(w), then in(v) = x,m for an m € R
according to 6.5.1. and 2., and so u = z,u; by Lemmal[6.6l Thus poin(u) =
poin(v) =0.
b. Property v. of Definition follows by Lemma [6.6 The properties i. - iv.
are easy to check.
c¢. This follows from a. and b. O

We now wish to give properties which are analogous to those in Section 2.
6.9. Since U is a Noetherian module, the ascending chain
Mg--~g(M:x{—l)g(M:x{,)g--
stabilizes in a module which we denote by (M : z2°). For j > 0 or j = oo let
Fi(M)= (M :2)/M.
Notice that for j > 0 then
FI(M) = ker (U/M 5 U/M(j)).
Furthermore, for j > 0 or j = oo let
M) = im(M :22) - U — U/(z,)).
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In quite an analogous way we define for a submodule T' C R submodules 77 C R,
for j > 0 or j = oc.
The following is an analog of part of Algorithm [Z3]

Proposition 6.10. The Hilbert functions of the modules in the filtration
0=F'(M)C FY(M)C---CF*(M)

are computationally equivalent to the Hilbert functions of the modules M3 /MI~1
for j >0.

Proof. This is analogous to the proof of Algorithm 231 O

The following is the analog of Lemma 2.6

Lemma 6.11. Let T C R be a Z"'-graded submodule. Then T is computationally
equivalent to T7 for all j > 0. In fact, for z € R we have

22l €T e 2eTY.

Proof. This is clear by 6.5, property 2. O

The following is the analog of Lemma 2.7]

Lemma 6.12. Let M C U be a homogeneous submodule. Then in(M7) = in(M)J.

Proof. We use the commutative diagram from Corollary B8l a. on (M : xf) C U,
noting that by Corollary [6.7] we have in(M : ) = in(M) : xl. O

The following is the analog of Proposition 2.8]

Proposition 6.13. Given a submodule M C U and an initial map in : U — R (so
that 6.5 1.-3. holds), consider the following data:
i. in(M), . in(M7) for j >0, iii. Hilb(M7) for j > 0.
Then data i. and . are computationally equivalent, and data iii. can be com-
puted from data .

Proof. That data i. and ii. are equivalent is by Lemmata [E1Tland T2, That data
111. may be determined by data 7. is Proposition [(.4L O

7. APPLICATIONS TO SPACE CURVES II

We consider a space curve C' C P3. Let I be the saturated homogeneous ideal
of C. We assume that I is given in general coordinates. In [5] we established that
alongside the generic initial ideal of I, there is also of equal status a generic higher
initial ideal of I. With the accomplishment in describing the generic initial ideal
of I in Section 3 let us see if we can get an understanding of the generic higher
initial ideal of I-. But first we must recall the definition and some basic properties
of the higher initial ideal inj (Iz). Subsections 7.1 - 7.4 are preparations before we
recall the definition in Subsection 7.5.
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7.1. Recall from Section 3 that I' = C' N {x3 = 0} and that Ir is its saturated
ideal. By Proposition Z8 b., in(Ir) and in(Ir°) are computationally equivalent.
Let

L% (I¢) = k[xo, z1]/in(Ir°).

This module has a natural Z?-grading, and it is a finite dimensional vector space
over the field k. Note that this module is computationally equivalent to in(Ir),
which is computationally equivalent to the numerical character of C.

Now let

R%(Ic) = L* (Ic)*(2),

where * denotes the vector space dual. Then R? (I¢) is a Z2-graded k[xo,x1]-
module. Furthermore, let

Ri(Ic) = R* (Ic) ®y k[za], R*(Ic) = R%(Ic) ®y klza, x3).

Example 7.2. Consider the curve C' given first in the example in Section 3. From
the diagram of Ir® we see that L? (I¢) has a basis (1,z0,21,Tox1,27) and that
R? (I¢) has a basis (1*(2), §(2), 21(2), (zor1)*(2), (2)"(2)).

7.3.  The function q. Now let
A= {(koy k) [ a0kt 0 in L2 (1)}

Let p be the function of 1.4 associated to the ideal J = I°. Then A is the set of
all (ko, k1) in No? such that p(ko, k1) = co by Proposition EZI0.

Let T? C R%(I¢) be a Z*-homogeneous submodule. We define a function q :
A — No U {oo} by

g(ko, k1) = min {n | (z3z7)"(2) - a3 € T7}.

Note that if coker (T2 — R?(I¢)) has finite length, then q(ko, k1) < oo for all
(k‘o, kl) € A.

The higher initial ideal. We recall the definition of the higher initial ideal ing (I¢)
given in [5], Section 4. We constructed in [5], (4.4), a resolution

(7.1) 2l prdlpo g

where F~* are free S-modules. This resolution has the property that the maps d—t
may be deformed to maps dy" such that

0

dz? d
-2, FO = in(I¢)

d—l
—1 -

F F

is a minimal resolution of the initial ideal. This also gives each module F~% a
natural Z*-grading. If we dualize these complexes, they become

0 —1 -2
054 povily poivel pea
)
0 —1 —2
v d; \ s v

0—s55 v povi, poav

Note that these complexes are exact in the components of degree —1 and 0. At the
components of degree 1 we have the following.
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Fact 7.4. Let
Z*(I¢) = ker dZ?Y, B*(I¢) = im d_'Y,
K*(Ic) = ker d 2, D?*(I¢) = im d~*V.
Then the following relations hold:

a. RQ(Ic) = ZQ(Ic)/BQ(Ic).

b. B%(Ic) C in(D*(I¢)) C in(K2(I¢c)) C Z%(Ic).

c. in(D*(I¢)) = B*(I¢).

Proof. a. This is by [5], Proposition 1.9 and Subsection 4.6.

b. The inclusions B?(I¢) C in(K?(I¢)) C Z%(I¢) are by [5], Lemma 2.11 (see
also Subsection 4.6). Also, in(D?(I¢)) C in(K?(I¢)) because D*(I¢) C K?*(Ic),
and B2(I¢) C in(D?(I¢)) follows by the proof of [5], Lemma 2.11.

c. There are two short exact sequences

dO\/ 0 d*l\/ 2
0—S— F'— D*(Ig)—0,
d(;\/ d;l\/

0— S FY>= B*Iz)—0.

Hence B?(I¢) and in(D?(I¢)) have the same Hilbert functions. By the inclusion
in b. we must then have the equality in c. [l

Definition 7.5. The higher initial ideal iny (I¢) is the inclusion
T(Io) = in(K(I0))/ B3 (Ie) € Z2(1e) | B (Ie) = R (o).

Note. Since we are assuming that I is in general coordinates, this is of course the
same as the generic higher initial ideal of I, and our further results for iny (I¢) are
thus results for the generic higher initial ideal of I¢.

Convention. For the rest of this section we write
7? =7%(Ic), K?*=K?Ic), B?=DB*Ic), D?=D*Ic)

for ease of notation.
We would now be in a position to apply the theory of Section 6 to the initial
map

in: K?/D* — in(K?)/in(D?) = T?*(I¢) € R*(Ic).

However, in analogy with the case of the initial ideal, we shall rather use an initial
map mapping to R?(Ic). We continue to prepare the ground for this situation.

7.6. Since in(I¢) is monomial and in(I¢) : 3 = in(I¢), it follows that in(I¢) =
in(1c°) ®y k[z3]. Now let
1

d”2 d-
Fr2 =t =L RO in(1)

be a minimal resolution, where F™% = @D, k‘[mo,xl,xg]e;i are free k[zg,z1, 2]~
modules. Then each F;* has a Z*-grading.

The minimal resolution of in(/¢) is then

(7.2) (F*,d) = (F",dy)) ® klxs].
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By Corollary [6.8 we have a commutative diagram

Fiv mn Fiv

l l

Fl—’i\/ in Fl_iv'
Lemma 7.7. Let M C F~% be a submodule. Then:

a. in(M)|zy—0 = in(M|z,—0)-
b. If M : x3 = M, then

in(M) = in(M)|g,—0 @k klx3].

Proof. a. This is Corollary B8l c., applied to the initial map in : F~* — F~¥V,
b. If M = M : z3, then in(M) = in(M : z3) = in(M) : z3, where the last
equality is by Corollary[6.7. But then we easily see that

in(M) = in(M)|p,—0 @k klx3].

Corollary 7.8. We have:

a. B = B}, _, ®y klas].

b. 22 =7}, _o @ klvs).

c. in(D?) = m(D2)‘x3:0 ®y klzs] = m(Dfo:O) ®y klzs].

d. i(K?) = in(K?)|p,—0 @k klzs] = i”(Kﬁc3:0) ®r; klxs].

Proof. a. and b. follow since the resolution (F*,d,.) of in(I¢) is given by
(F*,dy) = (FV, dy) ® klzs].

c. follows by the equality B? = in(D?) and Lemma [7] a.

d. follows by Lemma [ a. and b. O
Fact/Lemma 7.9. Let T?(I¢) = T?(I¢)|z,—0 and let i be the inclusion T?(I¢) C
RY(Ic).

a. The inclusion T?(Ic) C R%*(I¢) identifies naturally with i ®y, k[z3).

b. The cokernel of i has finite length.

Proof. a. This holds by Corollary [[8] since
T?(I¢) = in(K?)/in(D?) C Z?/B?* = R*(I¢).
b. This is [5], Lemma 4.7 b). O

The following will make it possible to relate iny (I) (which is T?(I¢) C R?*(I¢))
to algebraic geometric properties of the curve C.

Fact/Lemma 7.10. Let C' = coker (H}Zc(—1) % HM o).
a. There is an exact sequence
0— K*(-1) = K? — (K{,,_ : 75°) — (C)*(3) — 0.
b. m(KﬁcFO cae) = in(foS:O) D age.

; 2 C 00 72
c. m(leFO) 1a5t =2 o
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Proof. The complex (F'*,d) from () restricted to x3 = 0 gives a complex (F", d).

d
zs=0 C ker(F, 1Y LN FI*QV), and since the quotient of this inclu-
sion has finite length we get

—2V
We have that K?

—2V
dj

(7.3) P _o* = (K 25°) = ker(F VY — F7%Y).

a. This is [5], Proposition 12.7, and (Z3).
b. This follows by the fourth line in the proof of Proposition 12.8 in [3].
c. By Corollary [T.8 and Fact/Lemma [Z.91a. we have a diagram

0 — in(D?

|I3:0

0 —— B2 _
\1370

By Fact/Lemma [[9b. it then follows that the cokernel of

in(K\ng,:o) - Z\ngzo

) —— in(K2_ ) —— T2(Ic) — 0

l l

s R2(I¢) —— 0.

2
Z‘Igzo

has finite length. Since
—2V

d
Z\Qx3=0 = ker(F 1Y = F2Y),

we have (Z|2I3:0 Do) = Z|2x3:0. Thus we get

in(KﬁCS:O) cag’ = Z|2x3=0.

Proposition 7.11. The following hold.

a. T3(Ig) = m(K\ng,:O)/m(DFxg:O)'

b. R¥(Ic) = in(foS:O : ng)/m(Dﬁm:O).
Proof. a. This follows by Fact [[4c. and Corollary [Z8.

b. We have R?(I¢) = Z\Q;C3=0/B\2;c3=0' According to the above Fact/Lemma [Z10
we have Z|29¢3:0 = in(K\ng,:o : 23°), and according to Fact [L4k. and Corollary
we have B|29c3=0 =in(D? _). O

‘:C3=0

7.12.  We have now come so far that we can apply the theory in Section 6 as
indicated by Example[63l We let

U= (K|29:3:0 : xgo)/DFxFo, M=K /D\ng,:m R = R{(Ic).

\13:0
Proposition 7.13. Let C C P? be a space curve.
a. in1(Ic) is computationally equivalent to T2 (Ic) C R (I¢).
b. T2(Ic) C R2(I¢) is computationally equivalent to R (Ic) and

i. the Hilbert function of M®°,
ii. the Hilbert functions of the modules in the filtration

0=F'(M)C F'(M)C---C F®(M).
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Proof. a. This is Fact/Lemmal[79 a.

b. Suppose R?(Ic) = R%(Ic) ®y k[zs] is given. By Lemma 611, T3(Io) is
computationally equivalent to T2(I¢)? = in(M7) for j > 0. Now in(M?) C R2 (I¢),
and R? (I¢) is a Z?-graded module.

The order g > x1 > x2 > x3 gives rise to a natural Borel group B C GL(S1) of
upper triangular matrices. By [5], (6.5), the group B acts on R?(I¢) and R% (I¢),
and T2(I¢) is invariant under this action ([5], Theorem (8.2)), and hence T?(I¢)? C
R? (I¢) is also invariant. It is then easily seen in analogy with the case of a Borel
fixed ideal J C k[xo,z1] that T?(Ic)? C R2(I¢) is computationally equivalent to
the Hilbert function of T?(I¢)7.

Hence in(M7) for j > 0 is computationally equivalent to Hilb(M7) for j > 0. By
Proposition [G.I0 this is computationally equivalent to

i. The Hilbert function of M®°.
ii. The Hilbert functions of the modules in the filtration

0=F'M)C--- CF>(M).
O

We now seek to find a more algebraic geometric description of the modules
involved in the above Proposition [ZI3l Recall the module C! from Fact/Lemma
[C10.

Lemma 7.14. Given a space curve C C P3.

a. F(M) = (CY)*(3).

b. in(M>) = R2(Ic), and Hilb(R? (Ic)) is computationally equivalent to the
numerical character of C.

Proof. a. We have F*>°(M) = (M : 5°)/M. By Corollary [6.7, Proposition [Z1]] a.,
and Fact/Lemma b. we have

in(M : 25°) = in(M) : 23° = T3 (Ic) : 25° = R¥(Ic).
Hence
M:z3?=U= (K\ng,:o : xgo)/D\ngzo-
Thus if follows that
F(M) = (Kfy—g 0 05°) [ K g

and by Fact/Lemma[ZI0.a. this is equal to (C1)*(3).
b. Since in(M) = TZ(Ic), we get

in(M>) = T3(Io)™ = R% (I¢).

By the definition of R? it is computationally equivalent to in(/r"), which by Lemma
B4 and Remark is computationally equivalent to the numerical character. [

We now get the main result of this section.

Theorem 7.15. Let C C P? be a space curve. Let h and h' be general linear
forms. Let (F*°)*(3) be the cokernel of the map

HTo(-1) - HlZo
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and let (F7)* be the cokernel of the map
* - '(h/)j *
(F) (=) &Y (P,
Then iny (Ic) is computationally equivalent to:

i.  The numerical character of C.
ii. The Hilbert function of the successive quotients

Proof. Recall that C! is the cokernel of the map
HlZo(-1) 2 HZe.

Since F>*(M) = (C*)*(3) by Lemma [[.14 a., we see that C! = (F>(M))*(3).
We may then reach our desired conclusion by Proposition and Lemma[7.14] b.
modulo the following observation :

Since I¢ is in general coordinates, we may assume z2 and x3 to be general linear
forms i’ and h when giving a Hilbert function. O

The above theorem has the following interesting consequence.

Corollary 7.16. Suppose a curve C is linked to a curve X by surfaces of given
degree s and t. Then giving inq (Ic) is equivalent to giving in(Ix).

Proof. If C is linked to X by surfaces of degree s and ¢, then the numerical character
of C' is equivalent to giving the numerical character of X.

Furthermore, there is the following relation between the Hartshorne-Rao modules
by [11], I1I.1:

H!Tx = (HZo) (—s —t +4).

This shows that i. and ii. in Theorem B for the curve X are computationally
equivalent to i. and ii. in Theorem [Z.15] for the curve C. O

Example 7.17. Suppose that we have a curve C' and link it (s,t) = (4,5), and get
a curve X where in(Ix) is given by the following diagram:

X X X X X X X\X

The step line is there to indicate what the initial ideal of a complete intersection
(4,5) will be. Since the Rao module H!Zx = (H!Zco)*(—s —t+4) = (HLZc)*(—5)



we

THE INFORMATION ENCODED IN INITIAL IDEALS 1453

get that inj(I¢) is represented by the following diagram, where we give the

values of q(ko, k1):

(0,0)

©
@ ©

@ ® ©
ONONO

(n,0) 0,n)

An interesting observation is that by Borel-fixedness of inj(I¢) ([5], Section 8)

we must have a < 1 and b =0 (see [5], (13.9)). This means that if we have a curve

X

with initial ideal as given above, lying on a complete intersection (4,5) (this holds

if X is integral), then we must have a < 1 and b = 0.

il

[2
3

(4
5
6

[7

8

[9

[10

[11
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